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Overview

• Linearization MOR

• Quadratic MOR

• Bilinearization MOR

• Variational analysis MOR

• Trajectory piece-wise linear MOR 

• Proper orthogonal decomposition (POD)

• References
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Linearization MOR

Original large ODE
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Example

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

Y. Chen, MIT thesis 1999.
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Example
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__ full simulation
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Example
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Example
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time, u(t)=0, t<3, u(t)=1, t>=3;
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+ q=10
-- q=20

...linear, no reduction
__ full simulation
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Quadratic MOR

)(Xf )(Xg

)(Xf

)(Xg

nqRZVZX q  ,,

)()(ˆ
)(~/

tLVZty
tuBVWVZVZVAVZVdtCXdZV TTTTTT




Approximate        by a quadratic polynomial

)()(
)()(/

tLXty
tBuXfdtCdX


 Taylor series expansion:

)()(~
)(~/

tLXty
tuBWXXAXdtCdX T




))(()(
2
1)()(

))(()(
2
1)()()(

00000

00000

XXXHXXXXDXf

XXXHXXXXDXfXf

f
T

f

f
T

f



 

.,1,0,])[(,~)(

},,,{izationorthogonal
1

0
1

0

21








 irCACsMBACsr

rMrMrMrV
i

i

j



Max Planck Institute Magdeburg 9

Example

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

Y. Chen, MIT thesis 1999.
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Example

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

Y. Chen, MIT thesis 1999.
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Example

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

Y. Chen, MIT thesis 1999.
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Example
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-- quadratic MOR, q=10

…linear, no reduction
__ full simulation
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Example
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Example
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Bilinearization MOR
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Carleman bilinearization

Carleman bilinearization: 

[1] W.J. Rugh, Nolinear System Theory, The John Hopkins University Press, Boltimore, 1981.

[2] S. Sastry, Nonlinear Systems: Analysis, Stability and Control, Springer, New York, 1999.  
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Variational analysis MOR
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or

or

Original system:
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Variational analysis MOR

 )()()()( 3
3

2
2

1 tXtXatXtX 

Variational analysis [11]:

)()(
)(~~/ 321

tLXty
tuBXXXAXXAXAdtdX


 

)()(
)(~~)]()()[(

)]()[(

)(/)(

3
3

2
2

13
3

2
2

13
3

2
2

13

3
3

2
2

13
3

2
2

12

3
3

2
2

113
3

2
2

1

tLXty
tuBXXXXXXXXXA

XXXXXXA

XXXAdtXXXd




















)(~~)(/)(: 111 tuBtXAdttdX 

)()(/)(: 112212
2 XXAtXAdttdX 



)()()(/)(: 111312212313
3 XXXAXXXXAtXAdttdX 

0)( if ,0)( :Assume  tutX
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Variational analysis MOR

 )()()()( 3
3

2
2

1 tXtXatXtX 

Variational analysis:

)()(
)(~~/ 321

tLXty
tuBXXXAXXAXAdtdX


 

)(~~)(/)(: 111 tuBtXAdttdX 

)()(/)(: 112212
2 XXAtXAdttdX 



)()()(/)(: 111312212313
3 XXXAXXXXAtXAdttdX 

}~,,~{span 1
1

1
11111 BABAVZVX q 

},,{span 212
1

12222
2 AAAAVZVX q 

]},[,],,[{span 32132
1

13333
2 AAAAAAVZVX q 

33
3

22
2

11

3
3

2
2

1

3
3

2
2

1 )()()()(

ZVZVZV

XXX

tXtXatXtX











 

},,{span)( 321 VVVtX 
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Variational analysis MOR

Original system:

)()(
)()(/

tLXty
tBuXfdtdX




)()(
)(~~/ 321

tLXty
tuBXXXAXXAXAdtdX




},,{span)( 321 VVVtX 

Compute V: },,{span)(range 321 VVVV 

Reduced model:
)()(ˆ

)(~~/ 321

tLVZty
tuBVVZVZVZAVVZVZAVVZAVdtdZ TTTT




VZtX )(
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Example

V for bilinearization MOR:

},{colspan}{range 21 VVV 

)}1(:,{span}{range 1
2 NVAV 

V for Variational analysis MOR:

},{span}{range
)}6:1(:,{span}{range

}{orth

},,{span}{range

21

0
2

1
12

2
0

2

41
11

VVV
VAV

AV

BABAV










 

0 2 4 6 8 10
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

time, u(t)=0, t<3; u(t)=1, t>=3

vo
lta

ge
 a

t n
od

e 
1

 

 

original exact output response
Bilinearization MOR, q=20, relative error=0.0078
Variational analysis MOR, q=9, relative error=0.0073

})(,,){(span}{range 191
1 BABAV  
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Example

V for [Phillips 2000] method:

V for our method [Feng 2014]:

},{span}{range
)]}6:1(:,[{span}{range

}{orth

},,{span}{range

21

0
2

1
12

2
0

2

41
11

VVV
VAV

AV

BABAV










 

},{span}{range
)}6:1(:,{span}{range

)(

},,{span}{range

21

0
22

112
10

2

41
11

VVV
VV

VVAAV

BABAV









 

0 2 4 6 8 10
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

time, u(t)=0, t<0.3; u(t)=1, t>=0.3

vo
lta

ge
 a

t n
od

e 
1

 

 

original
our method, q=9, relative error=0.0073
Phillips 2003 method, q=9, relative error=0.0076



Max Planck Institute Magdeburg 27

Trajectory piece-wise linear MOR

)(Xf
)(1 Xg

)(2 Xg

)(4 Xg

)(3 Xg

0X 1X

2X

)()(
)()(/

tLXty
tBuXfdtdX




Original system:

)()(

,)(~/
1

0

tLXty

BuXgwdtdX
s

i
ii








1,,1,0),()()(  siXXAXfXg iiii 

iXk

j
jkjki x

Xf
aaA






)(
),(
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Trajectory piece-wise linear MOR

)()(
)()(/

tLXty
tBuXfdtdX




Original system:

)()(

,)(/
1

0

tLXty

BuXgdtdX
s

i
i








))((~~

1,,1,0),()(~)()(~)(

iiiiii

iiiiii

XAXfwXAw

siXXAXwXfXwXg



 

)()(

),()~~(/ 0

1

0

tLXty

tBuwBXAwdtdX i

s

i
ii








ii AXXfBBBB  )(],,[~
00

How to compute V?

},,{span}{range
1,,1,0}~,,~{span}{range

11

1








s

i
q

iiii

VVV
siBABAV i







Max Planck Institute Magdeburg 29

Trajectory piece-wise linear MOR

)()(
)()(/

tLXty
tBuXfdtdX




Original system:

)()(ˆ

),(~~(/ 0

1

0

tLVZty

tBuVwBVVZAVwdtdZ T
i

T
s

i
i

T
i








Trajectory piece-wise linear system:

Reduced model:

)()(

),()~~(/ 0

1

0

tLXty

tBuwBXAwdtdX i

s

i
ii







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Proper orthogonal decomposition (POD)

POD and SVD

SVD:  

nmTT R
D

YVUVUY 







 :

00
0

or     

s.t. ,),,( and ),,(exist   there,matrix any For 11
nn

n
mm

m
nm RvvVRuuURY   

ly.respective  and 
 of columns first   theincluding matrices  thebe  and Let  ).,,(diag Here, 1

VU
dVUD dd

d 

It is obvious,  

 



 


















d

i

d

i
iRji

d

i
iRiji

m

k
kj

d
ki

d

i
iij

Td

d

i
iij

TddTd
d

i
iij

Td
ij

Td
i

d

ij

Tdd
n

uyuuuyuYUuYU

uVDUUuVDVDuy

VDUyyY

mm

1 1111

111

1

.,,))((         

))()(())(())((

)(),,( 

Y can be represented in terms of d linearly independent columns of      . dU
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Proper orthogonal decomposition (POD)

Definition 

.,1 ,~,~ s.t.                               minarg}{
1

~,,~1
1

ljiuuu ijRji

n

j
j

Ruu

l
ii mm

l

 


 


.rank  of basis POD called are }{  vectors the},,,1{For 1 ludl l
ii  

: of columns  theingapproximatin 
 ions,approximat rank  all among optimal, is }{ basis POD The 1

Y
lu l

ii 

2

1
||~~,|| Here, mm RiRij

l

ijj uuyy


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Model Order Reduction using POD

)())(()(                      

ROM get the  to  Use.3

)~,,~( ,~~                      

 of  from rank  of  vectorsPOD Get the 2.

),(                     
 snapshots get the  tosystemnonlinear  original  theSolve 1.

1

1

tBuVtVzfV
dt

tdzEVV

V

uuVVUX

XSVDq

xxX

TTT

q
T

tt m











Algorithm MOR using POD 

How to deal with             ? 
An effective way is to approximate the nonlinear function by projecting it onto
a subspace with dimension          , that approximates the subspace spanned 
by the snapshots of the nonlinear function.

))(( tVzf

nl 

),,( ),()( 1 luuUtUctf 
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DEIM

,],,[                                                       
matrix aconsider  ,particularIn 

).()(                                                          

1

mnReeP

tUctf

l


 





 ?,,1, indices especify th  tohow and  compute  toHow liU i 

Compute    : U

).,,( 3.
)( :  toApply  2.

)).(,),((matrix  a into ))(( of snapshots eCollect th 1.

1

1

F
l

F

TFF

tt

uuU
VUFFSVD

xfxfFtxf
m











 system inedoverdeterm  thefrom rowsdifferent  select   we,)( determine To mtc

 thenr,nonsingula is  Suppose UPT

).()()()(                                                        
 that,so

)()()()()(                                                       

1

1

tfPUPUtUctf

tfPUPtctUcPtfP

TT

TTTT








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DEIM

Using DEIM to decide the indices: 

Algorithm Discrete Empirical Interpolation Method (DEIM)

 

 

 

for end .8

 ], [ ], [ .7

||max]|,[| .6
 .5

),,(  where,for  )( Solve 4.
do   to2for  .3

][ ],[ ],[ .2

 || max]|,.[|1

],[ :Output

Ffor      basis POD :Input

T
11

11

11

1

1

1



































i

F
i

l

F
i

i
F
i

TT

F

F

lT
l

l
i

F
i

i
ePPuUU

r
Uur

uPUP
li

ePuU

u

R

u

















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DEIM

Come back to                : ))(( tVzfV T

)).(()())((                   1 tVzfPUPUtVzf TT 

. oft independen is ROM solving during ))(( ofn Computatio

))(()())((                                                
Finally,

).(~ where

))~(,),~(())((                                                 
                                         

 then))),((,)),((())(( If

1

11

11

ntVzfV

tVzfPUPUVtVzfV

tVzx

xfxftVzfP

txftxftxf

T

TTTT

TT

nn

ll

















can be precomputed
before solving the ROM

. oft independen still is ROM solving during ))(( ofn computatio then ),( of entries    

 few aon  dependsonly  entry each but  above, as evaluated                                                      

ntVzfVtx

f
T

iIf is not componentwisely))(( txf
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