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Outline 

• Orthogonality of two vectors 

• Gram-Schmidt (modified Gram-Schmidt) process 

• Orthogonality of a vector to a group of orthogonal vectors 

• Arnoldi algorithm 

• Preliminaries 

• Method based on Pade approximation, explicit moment-matching (AWE)  
 

• Method based on Pade, Pade-type approximation, implicit moment-matching 
 

• Method based on rational interpolation 



Angle between two vectors: 

Two vectors u, v: 

Inner products in     : uvvu T=⋅

Preliminaries 

Orthogonality of two vectors: 00
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• Orthogonalization of two vectors  

If Pb is the projection of b onto a,  
then c=b-Pb is orthogonal to a.  

How to compute c? 

maPb = (m is a scalar) 
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An important information: 
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• Orthogonalization of a vector b to a group of orthogonal vectors  laaa ,,, 21 
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Step 1: 

It is used to orthogonalize a group of vectors mbbb ,,, 21 

• Gram-Schmidt process: 
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Step 2: 
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Gram-Schmidt process: 

for i=2,3, ..., m 
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What is the relation between                      and                        ? mbbb ,,, 21  mbbb ~,,~, 21 
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Gram-Schmidt process: 

for i=2,3, ..., m 
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It is accurate in 
accurate arithmetic, 
brings errors in finite 
arithmetic, not quite 
orthogonal 

Computation with computers is finite arithmetic! 

for i=2,3, ..., m 
      

for j=1,2, ..., i-1 
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Any difference, and 
what difference? 

Numerically stable. 
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Modified Gram-Schmidt process: 
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Usually the vectors are required to be orthonormalized, so that there will be no 
overflow in the computation with computers. 

Modified Gram-Schmidt process : 

for i=2,3, ..., m 

for j=1,2, ..., i-1 
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What if        is  zero or 
close to zero? What does 
it mean? 
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Modified Gram-Schmidt process with deflation : 

||||/ 111 bbb =

for i=2,3, ..., m 

for j=1,2, ..., i-1 
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else 
delete ib

end 

deflation 
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tolb ≥ε
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• Arnoldi algorithm: 

It computes an orthonormal basis for the Krylov subspace: qvvv ,, 21

The core in Arnoldi algorithm is the Modified Gram-Schmidt process. 

i.e. ),(},,,{span 21 rAKvvv qp =
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Arnoldi algorithm 
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for i=2,3, ..., p 
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Why? 
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It is clear: 
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Transfer function 

The transfer function is a function of s. 

)(ˆ)( sHsH ≈)(ˆ sHDoes there exist a      , such that              , but       
can be computed fastly?       

Motivation of AWE method 
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Original large-scale system 
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AWE method[Pillage,Rohrer ‘90] : Asymptotic waveform evaluation method. 
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Padé approximation 

• Rational function: 

A rational function is the quotient of two polynomials PN(x) and 
QM(x) of degree N and M respectively: 
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• Padé approximation: 

Approximates a function f(x) (analytic) by a rational function, and 
requires that f(x) and its derivatives be continuous at x=0.  

The transfer function can be approximated by Padé approximation! 



• PN(x) and QM(x): 
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• Notice that in QM(x), q0=1, which is without loss of generality. 
Because, RN,M(x) is not changed when both PN(x) and QM(x) are 
divided by the same constant. 
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Padé approximation: 
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Maclaurin expansion:  f (x) = f0 + f1x + f2x2 +· · ·+fk x k +· · · , 

The coefficients in PN(x) and QM(x) can be computed by requiring : 
f(x) and RN,M (x) agree at x=0 and at their derivatives (at x=0 ) up to 
N+M degree. 

This implicates: 
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How to compute Padé approximation 
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How to compute Padé approximation 



:1+Nx 011211 =++++ ++−−+− NNMNMMNM ffqfqfq 

:2+Nx 0211312 =++++ +++−−+− NNMNMMNM ffqfqfq 



:MNx + 01111 =++++ +−++− MNMNNMNM ffqfqfq 

(2) 

M unknowns and M equations in (2), qis can be obtained by solving (2), 

pis can be immediately obtained from (1) without solving equations. 

How to compute Padé approximation 



An example: 
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f(x)=exp(x)
R11
R22
R33

0 1 2 3 4
0

10

20

30

40

50

60

70

80

x

 

 

f(x)=exp(x)
R33

Padé approximation is only accurate  around 0 

How to compute Padé approximation 



 N, M ? 

MOR: AWE based on Padé approximation 

MOR: AWE tries to find a Padé approximation       of H(s). )(ˆ sH
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• How to choose N and M in PN(x) and QM(x)?: 

Proposition*: 
For a fixed value of N+M, the error is smallest when PN(x) and QM(x) 
have the same degree: N=M or when PN(x) is one degree lower than 
QM(x), i.e.: N=M-1.  

*from the book:  John H. Mathews and Kurtis K. Fink, Numerical Methods Using Matlab, 4th Edition,  Prentice-Hall 
Inc. Upper Saddle River, New Jersey, USA 2004. 



MOR: AWE based on Padé approximation 

Assuming             is diagonalizable:  ),,,(,~
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•  H(s) is a rational function.  
•  Numerator polynomial is of degree at most n-1, denominator       
   polynomial is of degree at most n. 
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MOR: AWE based on Padé approximation 

 Therefore, it is natural to take M=r, and N=r-1 
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 Computing the coefficients: 

Pade approximation requires: 
 
The values of H(s) at s=0, and the derivatives of H(s) at s=0 till r-1+r 
degree should be the same as those of       .   )(ˆ sH



MOR: AWE based on Padé approximation 
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MOR: AWE based on Padé approximation 

011110 =++++ −− rrrr mmqmqmq 

011211 =++++ +− rrrr mmqmqmq 
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 As has been introduced above, qis can be obtained by solving : 
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MOR: AWE based on Padé approximation 

 Any other possible way?  Yes!:   Parial Fractions Decomposition: 
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If we know                (approximate poles) and (approximate residues)                                 
              then       is known and is easily computed. 
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 How to compute  the poles and  the residues?                              

and we have known how to compute qis ! 
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MOR: AWE based on Padé approximation 

 What is left? computation of the residues:                           
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MOR: AWE based on Padé approximation 
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the residues can be obtained by solving the above euqations!                              
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Once raaa ˆ,,ˆ,ˆ 21  and  rkkk ˆ,,ˆ,ˆ
21   are computed, we have: 

(5) 



• Why not approximation by *truncated* Taylor expansion? 

MOR: AWE based on Padé approximation 

• The Padé approximant often gives better approximation of the      
  function than truncating its Taylor series, and it may still work        
  where the Taylor series does not converge. 
 

• Round off error or overflow in truncated Taylor expansion is   
  avoided . 
 

• Poles and residues of H(s) can be computed more easily by Pade     
  approximation. 
  
• H(s)  itself is a rational function. 



MOR: AWE based on Padé approximation 

Implementation of AWE: 

2.   Compute the roots of the polynomial: 

1. Solve (3) to get qis. 

r
r sqsq +++ 11

3.  Solve (5) to get 
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the roots: raaa ˆ,,ˆ,ˆ 21 
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4.  Form the reduced (simpler) transfer function:  
Much Easier to 
be computed 
than H(s)! 

In MATLAB step 2. and 3. are implemented in the function: residue.m 



MOR: AWE based on Padé approximation 

In MATLAB: 

1. Solve (3) to get qis. 

2.   Get pis from (4). 

3.   Use *residue(p,q)* in matlab to get the poles and residues:  

rkkk ˆ,,ˆ,ˆ
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4.  Form the Pade approximation (approximate transfer function):  
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MOR: AWE based on Padé approximation 

How to compute the output response y(t) in time domain from         ? 

Definition of transfer function:  
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MOR: AWE based on Padé approximation 
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We get: 

Replace        with: )(ˆ sH
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Numerical instability of AWE 

Eigenvalue and eigenvectors of a matrix A 
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Numerical instability of AWE 

Eigenvalue and eigenvectors of a matrix           : 

niA iii ,2,1, == ξλξ

nii ,2,1, =ξ are eigenvectors of A.  

nii ,2,1, =λ are eigenvalues of A.  

Applications to Engineering: 
 
•  Vibration of a beam. 
•  Stability of  a system. 
•               
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Numerical instability of AWE 
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Numerical instability of AWE 
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Numerical instability of AWE 
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Numerical instability of AWE 
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Numerical instability of AWE 

L. T. Pillage, R. A. Rohrer, Asymptotic Waveform  Evaluation for Timing Analysis, IEEE Transactions on computer-
aided design, Vol. 9, No. 4, 1990.  
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Implicit moment-matching(Pade, Pade-type approximation)  

Recall that in AWE method, the moments 

are computed explicitly. It is numerically unstable. 
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Implicit moment-matching(Pade approximation)  

How to compute W, V? [Feldmann, Freund ’95] 
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Implicit moment-matching (Pade approximation)  

Applying Petrov-Galerkin projection (using         ) to the transformed system 
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One gets the reduced order model (ROM) 

(11)                                                                                                     ),(

),()(~)()(~)(~ 1
0

1
0

1
0

tcVzy

tbuEsAWtAVzEsAW
dt
dzEVEsAW TTT

=

−+−=− −−−

By studying the ROM in (11) [Freund ’03] 
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Implicit moment-matching (Pade approximation)  
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Theorem 1 [Feldmann, Freund ’95] 

Drawbacks of Lanczos method of computing the projection matrices: 
• The ROM computed by W, V may be unstable, there are eigenvalues with  
    positive real parts.  

Actually the ROM in (11) can be implicitly derived using the outputs of the Band  
Lanczos algorithm[Freund ’03] : 
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Implicit moment-matching(Pade approximation)  

It is immediately seen from the above statement that for SISO systems, there are 
at least 2r moments matched. It is in agreement with Theorem 1.  
 



Implicit moment-matching(Pade-type approximation)  

Pade-type approximation [Odabasioglu,et.al ’97, Freund ‘03] 

 
A passive (therefore stable) ROM can be obtained by using W=V. 
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The ROM is obtained by Galerkin projection onto the original system. 
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Implicit moment-matching(rational interpolation)  

• A single expansion point is used in the method based on Pade approximation. 
Multiple expansion points are used in rational interpolation method.  

• Rational interpolation views computing the transfer function as solving linear 
systems.  
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If using Krylov-subspace iterative methods to solve the preconditioned linear 
systems, we have (this is the property of Krylov-subpace iterative methods, e.g.  
CG, GMRES, MINRES. etc..) [Grimme ’97] : 

Implicit moment-matching(rational interpolation)  
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Lemma 2.2 [Grimme ’97]  Krylov subspace shift-invariance  



Implicit moment-matching(rational interpolation)  
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Implicit moment-matching(rational interpolation)  

Instead of using a single expansion point, multiple expansion points are used in 
rational interpolation method, such that  
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Implicit moment-matching(rational interpolation)  

Computation of V, W in (14)(15) 

• Rational Arnoldi method or rational Lanczos method in [Grimme ’97] 

• Repeated modified Gram-Schmidt algorithm (Repeated Arnoldi algorithm).  

How to decide the expansion points? 

• Some heuristic methods 
• Using error estimation and a greedy algorithm. 
• Locally optimal algorithm: IRKA. 

 



How to decide the expansion points? 

Implicit moment-matching(rational interpolation)  

Using error estimation and a greedy algorithm 

Error estimation, e.g.      : 
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Implicit moment-matching(rational interpolation)  

How to decide the expansion points? 

A greedy algorithm: Selection of expansion points  
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Implicit moment-matching(rational interpolation)  
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Implicit moment-matching(rational interpolation)  

How to decide the expansion points? 
• Locally optimal algorithm: IRKA for both SISO and MIMO system: 
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Implicit moment-matching(rational interpolation)  

How to decide the expansion points? 
• Locally optimal algorithm: IRKA for both SISO and MIMO system: 
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• Locally optimal algorithm: IRKA for SISO system 
 
 
 
 
 

• From Theorem 3.4, IRKA obtains a reduced model satisfies the local optimal 
necessary conditions in Theorem 3.4 in [Gugercin et al. ’08]. 
 

•   
 

Upon convergence, Algorithm IRKA leads to:  
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