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Model Reduction by Projection

Goals

@ Automatic generation of compact models.
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Model Reduction by Projection

Goals

@ Automatic generation of compact models.

@ Satisfy desired error tolerance for all admissible input signals, i.e.,
want
lly — 7|l < tolerance - | ul| Yu € L(R,R™).

—> Need computable error bound/estimate!
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Model Reduction by Projection

Goals

@ Automatic generation of compact models.
@ Satisfy desired error tolerance for all admissible input signals, i.e.,
want
lly — 7|l < tolerance - | ul| Vu € L(R,R™).
—> Need computable error bound/estimate!
o Preserve physical properties:

— stability (poles of G in C7),
— minimum phase (zeroes of G in C7),
— passivity

t
/ u(r)Ty(r)dr >0 VteR, Vue Lr(R,R™).

(“system does not generate energy” ).
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Model Reduction by Projection

Projection Basics

Definition 3.1 (Projector)

A projector is a matrix P € R"*" with P> = P. Let V = range (P), then P is
projector onto V. On the other hand, if {v1,...,v,} is a basis of V and
V =[wv,...,v], then P=V(VTV)7*VT is a projector onto V.
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Projection Basics

Definition 3.1 (Projector)

A projector is a matrix P € R™" with P> = P. Let V = range (P), then P is
projector onto V. On the other hand, if {v1,...,v,} is a basis of V and
V =[vi,...,v] then P = V(VTV) VT is a projector onto V.

Lemma 3.2 (Projector Properties)

o If P=PT, then P is an orthogonal projector (aka: Galerkin projection),
otherwise an oblique projector (aka: Petrov-Galerkin projection).

P is the identity operator on V, i.e., Pv = v Vv € V.
| — P is the complementary projector onto ker P.

If V is an A-invariant subspace corresponding to a subset of A's spectrum,
then we call P a

Let W C R" be another r-dimensional subspace and W = [w, ..., wy |
be a basis matrix for W, then P = V(W' V) W7 is an
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Projection Basics

Definition 3.1 (Projector)

A projector is a matrix P € R™" with P> = P. Let V = range (P), then P is
projector onto V. On the other hand, if {v1,..., v} is a basis of V and
V =[vi,...,v] then P = V(VTV) VT is a projector onto V.

Lemma 3.2 (Projector Properties)

o If P=PT, then P is an orthogonal projector (aka: Galerkin projection),
otherwise an oblique projector (aka: Petrov-Galerkin projection).

@ P is the identity operator on V, i.e., Pv = v Vv € V.
@ | — P is the complementary projector onto ker P.

@ If V is an A-invariant subspace corresponding to a subset of A's spectrum,
then we call P a spectral projector.

@ Let W C R” be another r-dimensional subspace and W = [wa, ..., w,]
be a basis matrix for W, then P = V(W' V)~!WT is an oblique
projector onto V along W.

v
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Model Reduction by Projection

Projection and Interpolation

Methods:
@ Modal Truncation
@ Balanced Truncation

@ Rational Interpolation (Padé-Approximation and (rational) Krylov
Subspace Methods)

@ many more. ..

Joint feature of these methods:
computation of reduced-order model (ROM) by projection!
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Model Reduction by Projection

Projection and Interpolation

Joint feature of these methods:

computation of reduced-order model (ROM) by projection!

Assume trajectory x(t; u) is contained in low-dimensional subspace V. Thus,
use Galerkin or Petrov-Galerkin-type projection of state-space onto V along
complementary subspace W: x ~ VW x =: X, where

range (V) =V, range(W)=W, W'V =1,
Then, with ¥ = WTx, we obtain x ~ VX so that
lIx — Il = [lx — V&I,
and the reduced-order model is

A=wWTAv, B:=w'B, C:=cv, (

o
Il
S
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Joint feature of these methods:

computation of reduced-order model (ROM) by projection!

Assume trajectory x(t; u) is contained in low-dimensional subspace V. Thus,
use Galerkin or Petrov-Galerkin-type projection of state-space onto V along
complementary subspace W: x ~ VW x =: %, and the reduced-order model is
x=WTx

A=wWTAv, B:=w'B, C:=cv, (b:=D).

Important observation:

@ The state equation residual satisfies % — A% — Bu L W, since

WT(Q—AQ—BQ - WT(VWTX—AVWTX—B@
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computation of reduced-order model (ROM) by projection!

Assume trajectory x(t; u) is contained in low-dimensional subspace V. Thus,
use Galerkin or Petrov-Galerkin-type projection of state-space onto V along
complementary subspace W: x ~ VW x =: %, and the reduced-order model is
x=WTx

A=wWTAv, B:=w'B, C:=cv, (b:=D).

Important observation:
@ The state equation residual satisfies X — Ax — Bu L W, since
WT(Q—AQ—BQ = WT(VWTX—AVWTX—B@
= Wix-WA/ W' x—-W'Bu
—— ——

% =A =X =B
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Projection and Interpolation

Joint feature of these methods:

computation of reduced-order model (ROM) by projection!

Assume trajectory x(t; u) is contained in low-dimensional subspace V. Thus,
use Galerkin or Petrov-Galerkin-type projection of state-space onto V along
complementary subspace W: x ~ VW x =: %, and the reduced-order model is
x=WTx

A=wWTAv, B:=w'B, C:=cv, (b:=D).

Important observation:

@ The state equation residual satisfies X — Ax — Bu L W, since

wT ()%—Ai— Bu) w’ (VWTX—AVWTX— Bu)

= Wix—WAVW x—WTBu
N—— N——

3 =A =X =B

~

= %—-Asx—Bu=o.
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Model Reduction by Projection

Projection and Interpolation

Projection ~~ Rational Interpolation

Given the ROM
A=w'Av, B=w'B, C=cv, (D=D),
the error transfer function can be written as

G(s) - G(s) = (C(sl,, ~A'B+ D) - (é(s/, —AB+ b)
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Projection and Interpolation

Projection ~~ Rational Interpolation
Given the ROM

A=wTAv, B=w'B, C=cVv, (L

the error transfer function can be written as
G(s)-6(s) = (Clsh-A)'B+ D) (st - A

c((s/n—A)*l— V(sh, — A)~ W)B
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Model Reduction by Projection

Projection and Interpolation

Projection ~~ Rational Interpolation
Given the ROM

A=wWTAv, B=w'B, C=cv, (bD=D),
the error transfer function can be written as
G(s)— &(s) = (C(sl,, —A)B+ D) - (é(s/, ~ A 7B+ D)
c ((sl,, —A) V(s — A)’IWT) B
= C(la— V(sl — A) "W (sl, — A))(sl, — A)"'B.

=:P(s)
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Model Reduction by Projection

Projection and Interpolation

Projection ~~ Rational Interpolation

Given the ROM

A=wTav, B=w'B, C=cv, (D=D),
the error transfer function can be written as

G(s) — G(s) (C(sln —A) B+ D) - (c(s/, A)7B+ D)
C(lh— V(s — A)*W'(sl, — A))(sl, — A)'B.
=:P(s)
If s. € C\ (A(A)UA(A)), then P(s.) is a projector onto V:
range (P(s))

C range (V), all matrices have full rank = "

P(s.)> = V(sil—A) W (sul, —

AV (sl — AW (5,1, — A)
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Model Reduction by Projection

Projection and Interpolation

Projection ~~ Rational Interpolation

Given the ROM

A=wWTAv, B=w'B, C=cv, (bD=D),

the error transfer function can be written as

&) — &)

(C(sl,, —A) B+ D) - (c(s/, A)7B+ D)
C(lh— V(s — A)*W' (sl, — A))(sl, — A)"'B.

=:P(s)

A (A)), then P(s.) is a projector onto V:

range (V), all matrices have full rank ="

If s. e C\ (A(A)U
range (P(s«)) C

P(s.)? V(scly — AW (suly — A)V(sul, — A) W (5.1, — A)
V(scly — A7 (suly — A)(suly — A) W (suly — A) = P(s.).
=l
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Projection and Interpolation

Projection ~~ Rational Interpolation

Given the ROM

A=wTav, B=w'B, C=cv, (D=D),
the error transfer function can be written as

&) — &)

(C(sl,, —A) B+ D) - (é‘(s/r “A'B+ D)
C(lh— V(s — A)*W'(sl, — A))(sl, — A)"'B.

=:P(s)

If s. € C\ (A(A)UA(A)), then P(s.) is a projector onto V —>

if (sily — A)T'B €V, then (I, — P(s.))(scln — A)"'B =0,
hence

G(s:) — G(s:) =0 = G(s.) = G(s.), i.e., G interpolates G in s,
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Projection and Interpolation

Projection ~~ Rational Interpolation

Given the ROM

A=wWTAv, B=w'B, C=cv, (bD=D),

the error transfer function can be written as

G(s) - G(s) = (C(sl,, —A)'B+ D) - (C(s/, ~AB+ D)

C(lh— V(s — A)*W'(sl, — A))(sl, — A)"'B.
=:P(s)

C(sly — A)Y " (In — (sl — A)V(sl, — AW T )B.

Analogously,

—Q(s)
If s. € C\ (A(A) UA(A)), then Q(s)" is a projector onto W =
if (sily — A)"*CT € W, then C(scly — A) (I — Q(s.)) =0,
hence

G(s:) — G(s:) =0 = G(s.) = G(s.), i.e., G interpolates G in s,
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Model Reduction by Projection

Projection and Interpolation

Theorem [GRIMME ’97, VILLEMAGNE/SKELTON ’87]
Given the ROM

A=WTAv, B=wW'B, C=cv, (b=

~

and s, € C\ (A (A) UA(A)), if either
o (sil, — A)71B € range (V), or
o (sily — A)~*CT € range (W),
then the interpolation condition

G(s:) = G(s:).

in s, holds.

Note: extension to Hermite interpolation conditions later!
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Modal Truncation

Basic method:

Assume A is diagonalizable, T~YAT = Dj,, project state-space onto A-invariant
subspace V = span(ti, ..., t;), tx = eigenvectors corresp. to “dominant”
modes / eigenvalues of A. Then with

V=TG1:r)=[t,....,t,], W'=T71:r:), w=w"w),
reduced-order model is

A:=WYAV =diag{\1,...,\}, B:=WwW"B,

(@
Il
0
<

Also computable by truncation:

~

S | A
THAT =
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Modal Truncation

Basic method:

Assume A is diagonalizable, T~YAT = Dj,, project state-space onto A-invariant
subspace V = span(ti, ..., t;), tx = eigenvectors corresp. to “dominant”
modes / eigenvalues of A. Then with

V=TG1:r)=[t,....,t,], W'=T71:r:), w=w"w),
reduced-order model is

A:=WYAV =diag{\1,...,\}, B:=WwW"B,

(@
Il
0
<

Also computable by truncation:

~

TIAT = A TB= B CT=[C,C D=D
- A ) — B2 ) —[ 5 2]a - °
2

Properties:

Simple computation for large-scale systems, using, e.g., Krylov subspace
methods (Lanczos, Arnoldi), Jacobi-Davidson method.
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Modal Truncation

A . R
T‘lATz[ p ] T‘le[B ] CT=[C &), D=nD.
2 2

Error bound:

1
minAeA(Az) |Re()\)| ’

IG = Glle < ICIll| B2l

Proof:

C(sl —A) 1B+ D=CTT (sl — A ITT B+ D
CT(sl — TIAT)'T- 1B+ D
(sl — A)~1

G(s)

n—r @ [ E
(Sl —A ) 2
G(S) CZ(SI"_’ ! ‘2) E2’

= [C Gl ]+D
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Modal Truncation

A . R
T‘lATz[ p ] T‘le[B ] CT=[C &), D=nD.
2 2

Error bound:

1
minAeA(Az) |Re()\)| ’

IG = Glle < IC|ll|Bell

Proof:
G(s) = G(s)+ Go(slhr — A2) !By,
observing that ||G — G|oo = sup,,cp Tmax(C2(jwlh—r — A2)~1B,), and
-1 . 1 1
CQ(]LU/,,_, —A2) By = CGydiag ey B>.
Jw — Ary1 Jw — Ap
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Modal Truncation

Basic method:

Assume A is diagonalizable, T~YAT = Dj,, project state-space onto A-invariant
subspace V = span(ti, ..., t;), tx = eigenvectors corresp. to “dominant”
modes / eigenvalues of A. Then reduced-order model is

A:=W"AV =diag{\1,...,\}, B:=w"B, C=cv

Also computable by truncation:

~

T_lAT:[ ., ] T_IB_[B], CT=1[¢,G], D=Db.
2 2

Difficulties:

o Eigenvalues contain only limited system information.

>
|
T o
A

@ Dominance measures are difficult to compute.
([Lrrz '79] use Jordan canoncial form; otherwise merely heuristic criteria,
e.g., [VARGA '95]. Recent improvement: dominant pole algorithm.)

@ Error bound not computable for really large-scale problems.

4
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Basic Principle

Example

BEAM, SISO system from SLICOT Benchmark Collection for Model
Reduction, n =348, m = q = 1, reduced usingA13 dominant complex
conjugate eigenpairs, error bound yields |G — G| < 1.21-103

Bode plots of transfer functions and error function

Bode Diagram Bode Diagram

——n=348 (ful-order) 2 —G-G,
—~=-r=26 (modal)
o
g g
Y 2
3 3
2 2
H £ a0
g g
H H
-60
-80
10” 10 10° 10" 10° 10° 10° 10"
Frequency (rad/sec) Frequency (rad/sec)
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Basic Principle

Example

BEAM, SISO system from SLICOT Benchmark Collection for Model
Reduction, n =348, m = q = 1, reduced usingA13 dominant complex
conjugate eigenpairs, error bound yields |G — G| < 1.21-103

Bode plots of transfer functions and error function

Bode Diagram Bode Diagram

—— =348 (ful-order) 2 —G-G,
~~~r=26 (modal)

Megnitude (dB)
Magnitude (dB)

10"
Frequency (rad/sec) Frequency (rad/sec)

MATLAB® demo.
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Basic Principle

Extensions

Base enrichment

Static modes are defined by setting x = 0 and assuming unit loads, i.e.,
u(t)y=e, j=1,...,m:

0=Ax(t)+Bg = x(t)=-A"1b.

Projection subspace V is then augmented by A=1[by,...,b,] = A"1B.
Interpolation-projection framework = G(0) = G(0)!

If two sided projection is used, complimentary subspace can be
augmented by A=TCT = G'(0) = G'(0)!

Note: if m # g, add random vectors or delete some of the columns in A7 CT.

v
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Basic Principle

Extensions

Guyan reduction (static condensation)

Partition states in masters x; € R" and slaves x, € R"~" (FEM terminology)
Assume stationarity, i.e., X = 0 and solve for x; in

Aun A [ x1 ] { B: ]
+ u
A Axn x2 B,

=1 =1l
—A22 A21X1 — A22 Bzu.

o
Il

= X2

Inserting this into the first part of the dynamic system
x1 = Auxi + Anxe + Biu, y = Gxi + Gx
then yields the reduced-order model

i = (A — AnpAy An)xi + (B — AnAy, By)u
y = (Cl — C2A2_21A21)X1 — CzAz_lezu.
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Modal Truncation
Dominant Pole Algorithm

Pole-Residue Form of Transfer Function

Consider partial fraction expansion of transfer function with D = 0:

with the residues Ry := (Cxk)(y}'B) € CI*™.
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Modal Truncation
Dominant Pole Algorithm

Pole-Residue Form of Transfer Function

Consider partial fraction expansion of transfer function with D = 0:

G(s)=)_ R

s—A
k=1 bs

with the residues Ry := (Cxk)(y}'B) € CI*™.

Note: this follows using the spectral decomposition A = XDX ™1, with

X = [x1,...,xn] the right and X~1 =: Y = [y1,...,yn]" the left eigenvector matrices:
G(s) = C(sl—XDX1)7IB = CX(sl —diag{\1,...,\n})"'YB
1
S—A1 ylHB
= [Cx,...,Cxn] :
=5 5B
I NCATD
=1 g = )\k

v
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Modal Truncation

Dominant Pole Algorithm

Pole-Residue Form of Transfer Function

Consider partial fraction expansion of transfer function with D = 0:

G(s)=)_ R

s—A
k=1 bs

with the residues Ry := (Cxk)(y}'B) € CI*™.

Note: Ry = (Cxx)(y'B) are the residues of G in the sense of the residue
theorem of complex analysis:

n

res (G, \¢) = Sin;g(s —X)G(s) = Z sin;e :_ i Rk = Re.
k=1
[ Ofork#¢
" lfork=1¢
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Modal Truncation

Dominant Pole Algorithm

Pole-Residue Form of Transfer Function

Consider partial fraction expansion of transfer function with D = 0:

G(s)=)_ R

s—A
k=1 bs

with the residues Ry := (Cxx)(y}'B) € C9*™.

As projection basis use spaces spanned by right/left eigenvectors
corresponding to dominant poles, i.e.. (), xj, y;) with largest

[[Rkll/Tre (Ax)l-
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Modal Truncation
Dominant Pole Algorithm

Pole-Residue Form of Transfer Function

Consider partial fraction expansion of transfer function with D = 0:

G(s)=)_ R

s—A
k=1 bs

with the residues Ry := (Cxk)(y}'B) € CI*™.

As projection basis use spaces spanned by right/left eigenvectors
corresponding to dominant poles, i.e.. (), xj, y;) with largest

[[Rkll/Tre (Ax)l-

Remark

The dominant modes have most important influence on the input-output
behavior of the system and are responsible for the "peaks”' in the frequency
response.

| A\

4
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[— exact model, n = 217 }
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— exact model, n = 217
o 3(A) of dominant poles
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— exact model, n = 217
o 3(A) of dominant poles
- -- k = 46 dominant poles
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— exact model, n = 217
o 3(A) of dominant poles
- -- k = 46 dominant poles

o e k = 46, smallest R()\) + static modes ||

1G(w)ll2
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Algorithms for computing dominant poles and eigenvectors:

@ Subspace Accelerated Dominante Pole Algorithm
(SADPA), hodes

o Rayleigh-Quotient-Iteration (RQI),
@ Jacobi-Davidson-Method.
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