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Model Reduction of Dynamical Systems - 1

Excercise: 1 (Properties of Singular Value Decomposition (SVD))

Let 7 = rank(A4), A = UXVT be the singular value decomposition with orthonormal matrices U =
[ul um] e RMX™M and V = [vl Un] € R™ ", Show the following statements:

a) Schmidt-Eckart- Young-Mirsky-Theorem: If k < r and Aj, = 3% L oiuvl, then it holds:

min  [|A— Blls = |A — Agll2 = ok41,
rank(B)=k

that means Ay, is the best rank-k approximation of A.

Hint: Realize that rank(Ay) = k. Then select a matrix B € R™*"™ with rank(B) = k. There exist
orthonormal vectors x1,...,x,_; such that ker(B) = span{x1,...,z,_x} and it holds:

span{x1, ..., oy} Nspan{vy, ..., vk} # {0}. Let z be a vector of this intersection with ||z|| = 1.
Then it holds Bz = 0. Making use of the representation of Az one can show the necessary estimate.

b) It holds:

ker(A) = {vr41,...,0n},
range(A) = {u1, ..., u,}.

1AllF = /oi + -+

Excercise: 2 (Laplace Transform)

c¢) It holds:

a) Find Laplace transform of the following functions:

(i) f(t) =2t -3t +5.

(i) f(t) =t2e 2.

(iii) f(t) = sin(2t)cos(2t).

(iv) f(t) = sin(2t) + e 3tcos(2t).
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(i) F(s) = st

c¢) Using Laplace transform, solve the following ordinary differential equations:

() @) +z(t)=t, z(0)=0, #(0) = 2.

(i) @(t) + 2@(t) + 5x = 83, x(0) = #(0) = 0.



