Summary of moment-matching methods

Consider a linear time invariant (LTI) system

(1)

Ei = Ax + Bu(t),
y = Cu,

where E, A € R"" B € R (' € RPX"0. The transfer function is H(s) = C(sE — A)"'B. The
matrix E could be a singular matrix, i.e. not invertible.

1 Explicit moment-matching method: AWE

For single-input single-output (SISO) system:
H(s) — H(s) = O(s%).
3 _ Pya(s)
H(s) = 4.6 o
Moments matched: m; =m;, ¢ =0,1,...,2¢ — 1.

AWE method approximates the transfer function H(s) by a rational function H(s) = Péjs()s ) , which

is the Padé approximation of H(s).
The method explicitly computes the moments of the transfer function, which is not numerically
stable. Usually, the accuracy of the approximation cannot be improved for ¢ > 8.

2 Implicit moment-matching method

2.1 Padé approximation

range(V) = span{B(so)lA(so)B(s()), .y (A(50))4*B(s0)}, @)
range(W) = span{C”, AT (s0)CT, ..., (AT (s0))4"1CT},

where B(sg) = (soE — A)™'B, A(sg) = (soF — A)~', and sg is the expansion point. We require
WTV =1, i.e. the matrices W and V are bi-orthogonal with each other.
2.1.1 Reduced model 1

The reduced model is constructed as

{WT(S()E — A)TIEVE = WT(soE — A)7LAVz + WT(soE — A) "1 Bu(t),

y=CVz. 3)

Define £ = W1 (soE — A)'EV, A = WT(soFE — A)"'AV, B = W' (sgE — A)~'B, and C = CV.
Here, H(s) = C(sE — A)~1B is the transfer function of the reduced model in (3).

e Moments matched: m; =m;, ¢ =0,1,...,2q — 1 if the original system is a SISO system.

e If the original system in (1) is a SISO system, the transfer function is a Padé approximation of
the original system, i.e. H(s) — H(s) = O(s%?) or m; = m;, i =0,1,...,2q — 1.



2.1.2 Reduced model 2

The reduced model is constructed as

{WTEV‘fij = WTAVz + WTBu(t), @

y=CVz.

Define E = WTEV, A = WTAV, B = W"B, and C = CV. Here, H(s) = C(sE — A)"'B is the
transfer function of the reduced model in (3).

e If the original system in (1) is a SISO system, and if E = I, the identity matrix, then the transfer
function is a Padé approximation of the original system, i.e. H(s) — H(s) = O(s%9), or m; = 1,
i=0,1,...,2¢— 1.

e Moments matched: m; =m;, i =0,1,...,2¢g — 1, if E = I, and if the original system is a SISO
system;

M; = Mi, 1=20,1,...,2¢g —1if £ =1, and if the original system is a MIMO system.

2.2 Matrix-Padé approximation

e For the reduced model in (3), assume that z € R", i.e. the order of the reduced model is r, then
M; = M;,i=0,1,... [%J + L%J Here np is the number of outputs, and ny is the number of
inputs.

2.3 Padé type approximation

The reduced model is constructed by Galerkin projection rather than Petrov-Galerkin projection as
below:

(5)

VIEVY = VT AV 2 + VT Bu(t),
y=CVz.

Define EAA: VATEV, A=VTAV, B=VTB, and C = CV. V is defined as above. Here, f[(s) =
C(sE — A)~!B is the transfer function of the reduced model in (3).

e For both SISO and MIMO system in (1), the transfer function H(s) matches ¢ moments of the
original transfer function, i.e. m; = m;, or M; = M;, 1 =0,1,...,q— 1.

2.4 Rational interpolation

Let - - - ~ -
range(V) = span{Bi(sO)lAB(so)B(so), oy (AB(SO))jlle(so)}, (6)
range(IV) = span{CT, Ac(s0)C7 .. (Ac(s0))™- C7),
where B(sg) = (soE — A)"'B, Ap(so) = (soE — A)"'E, Ac(s0) = (soE — A)"TET, CT = (soE —
A)-Tcr,

The reduced model is constructed similarly as in (3), but with the matrices W and V in (6) instead.

e It is not required that W”V = I for rational interpolation.

e For both SISO and MIMO system in (1), the transfer function H(s) matches 2¢ moments of the
original transfer function, i.e. m; = m;, or M; = M;, i = 0,1,...,2¢ — 1. In this sense, H(s) is
also a Padé approximation of H(s) for SISO system in (1).

e IRKA is a special case of rational interpolation, where ¢ = 1 for W and V.



