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     Overview 

• Linearization MOR. 

• Qudratic MOR. 

• Bilinearization MOR. 

• Variational analysis MOR. 

• Trajectory piece-wise linear MOR.  

• Proper orthogonal decomposition (POD). 

• References. 
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     Linearization MOR 

Original large ODE 
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 
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     Example 
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__ full simulation 
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     Example 
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     Example 
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+ q=10 

-- q=20 

...linear, no reduction 

__ full simulation 
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     Quadratic MOR 
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Approximate        by a quadratic polynomial 
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 
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is a tensor, it has n matrices, the ith matrix 

corresponds to the ith element of the 

nonlinear vector.   
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 



























 

0000

0000

00800800

008001600

1











nnRW

W

1

1

000000

0000

08008000

08000800

000800800

0000













































 
i

i

i

RW nni











1,,1  iii



























 

80080000

800800

0000

00

0000











nnn RW

























XWX

XWX

XWX

WXX

nT

iT

T

T





1

























VZWVZ

VZWVZ

VZWVZ

WVZVZ

nTT

iTT

TT

TT





1



Max Planck Institute Magdeburg 12 

     Example 
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-- quadratic MOR, q=10 

…linear, no reduction 

 __ full simulation 
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     Example 
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     Example 
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    Bilinearization MOR 
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Carleman bilinearization 

Carleman bilinearization:  

 

[1] W.J. Rugh, Nolinear System Theory, The John Hopkins University Press, Boltimore, 1981. 

  
[2] S. Sastry, Nonlinear Systems: Analysis, Stability and Control, Springer, New York, 1999.   

    Bilinearization MOR 
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Volterra series expression of bilinear system 
According to the theory in [Rugh 1981], the output response of the bilinear system  
can be expressed into Volterra series,  
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Laplace transform (drop    for simplicity): 

    Bilinearization MOR 
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How to compute V?  
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Multimoments: 

    Bilinearization MOR 
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     Example 
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     Variational analysis MOR 
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     Variational analysis MOR 
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     Variational analysis MOR 
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     Variational analysis MOR 

Original system: 
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     Example 

V for bilinearization MOR: 
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     Example 

V for [Phillips 2000] method: 

V for our method [Feng 2014]: 

},{}{

)]}6:1(:,[{}{

}{

},,{}{

21

0

2

1

12

2

0

2

41

11

VVspanVrange

VAspanVrange

AorthV

BABAspanVrange











 

},{}{

)}6:1(:,{}{

)(

},,{}{

21

0

22

112

10

2

41

11

VVspanVrange

VspanVrange

VVAAV

BABAspanVrange











 

0 2 4 6 8 10
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

time, u(t)=0, t<0.3; u(t)=1, t>=0.3

v
o
lt
a
g
e
 a

t 
n
o
d
e
 1

 

 

original

our method, q=9, relative error=0.0073

Phillips 2003 method, q=9, relative error=0.0076



Max Planck Institute Magdeburg 27 

     Trajectory piece-wise linear MOR 
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     Trajectory piece-wise linear MOR 
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     Trajectory piece-wise linear MOR 
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     Proper orthogonal decomposition (POD) 

POD and SVD 
 

SVD:   
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     Proper orthogonal decomposition (POD) 

Definition  
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     Model Order Reduction using POD 
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Algorithm MOR using POD  
 

How to deal with             ?  

An effective way is to approximate the nonlinear function by projecting it onto 
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     DEIM 
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     DEIM 

Using DEIM to decide the indices:  
 

Algorithm Discrete Empirical Interpolation Method (DEIM) 
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     DEIM 

Come back to                :  
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