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Abstract

In this seminar I will present you some of the results I obtained dur-
ing my PhD at Università di Bologna. In the last three years I’ve been
interested in the numerical solution of large-scale linear matrix equations
and in this talk, due to its occurrence in many applications, I will focus
on the so-called Lyapunov equation

AX + XAT + C = 0, A,C ∈ Rn×n, C = CT .

A characteristic aspect of the large-scale setting, namely n ≥ O(104),
is that although data are sparse, the solution X is in general dense so that
storing it may be unfeasible. Therefore, it is necessary that the solution
allows for a memory-saving approximation, that is it has to exist a matrix
X̃, X̃ ≈ X which can be cheaply stored. Moreover, efficient algorithms
for the computation of X̃ must be designed.

An extensive literature treats the case of the aforementioned equation
with low-rank right-hand side C = BBT , B ∈ Rn×s, s� n. This assump-
tion, together with certain hypotheses on the spectral distribution of A, is
a sufficient condition for proving a fast decay in the singular values of X.
This decay motivates the search for a low-rank approximation X̃ = ZZT

to X so that only the tall matrix Z ∈ Rn×t, t� n, is actually computed
and stored remarkably reducing the storage demand. This is the task of
the so-called low-rank methods and a large amount of work in this direc-
tion has been carried out in the last years. Projection methods have been
shown to be among the most effective low-rank methods and in the first
part of my thesis we have proposed some computational enhanchements
of the classical algorithms.

The case of large-scale Lyapunov equations with not necessarily low
rank right-hand side has not been deeply analyzed so far and efficient
numerical methods are still lacking in the literature. We aimed to signif-
icantly contribute to this open problem by introducing solution methods
for equations with different structure in their data. In particular, we have
addressed the case when the coefficient matrices and the right-hand side
are generally banded and we further generalized this structure considering
equations with quasiseparable data.

In the last part of the thesis we have studied large-scale generalized
Lyapunov equations of the form

AX + XAT +

p∑
i=1

NiXNT
i + BBT = 0,
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and, under some assumptions on the coefficient matrices, novel approxima-
tion spaces for their numerical solution by projection have been proposed.
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