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Numerical Linear Algebra – homework #06

Problem 1 (CG)

Write the conjugate gradients (CG) algorithm that solves the linear system of equations

M−1Ax = M−1b.

Use the following notation at iteration j, αj is the step, pj is the search direction, xj is the approximate
solution, zj is the residual j orthogonality condition parameter.
Hint. Replace the Euclidean inner product with the M -inner product.
At iteration j of your algorithm, let rj = b−Axj .

a) What is the relation between rj and zj?

b) Expand the M -inner products in the algorithm (i.e., rewrite 〈v, q〉M as 〈Mv, q〉 = qTMv) and
reformulate the algorithm such that no operation involving multiplication by M occurs.

Hint. Use the auxiliary vector rj .

Define the auxiliary vectors and matrix:

p̂j = Lpj

ûj = Lxj

r̂j = Lzj

Â = L−1AL−T.

Rewrite the algorithm by using the previous notation and compare it to the CG algorithm for solving
(2) from the previous homework.

Problem 2 (Lanczos-Recursion)

Realize that the Lanczos recursion

AQk = QkTk + vk+1e
T
k

follows directly from the definition of the algorithm.

Problem 3 (CG & Lanzcos)

We consider the connection between the CG method and the Lanzcos method from the lecture. Show
that T̃k = ∆kSk∆−1

k is symmetric with

Sk = tridiag

(
−1

αj−1
,

1

αj
+
βj−1

αj−1
,−βj

αj

)
, ∆k = diag (‖r0‖, . . . , ‖rk‖) .
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