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     Overview 

• Linearization MOR. 

• Qudratic MOR. 

• Bilinearization MOR. 

• Variational analysis MOR. 

• Trajectory piece-wise linear MOR.  

• Proper orthogonal decomposition (POD). 

• References. 
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     Linearization MOR 

Original large ODE 
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 
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     Example 
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__ full simulation 
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     Example 
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     Example 
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+ q=10 

-- q=20 

...linear, no reduction 

__ full simulation 
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     Quadratic MOR 
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 
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is a tensor, it has n matrices, the ith matrix 

corresponds to the ith element of the 

nonlinear vector.   
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     Example 

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

  
Y. Chen, MIT thesis 1999. 
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     Example 

0 2 4 6 8 10
0

0.005

0.01

0.015

0.02

0.025

time, u(t)=0, t<3, u(t)=1, t>=3;

v
o
lt
a
g
e
 a

t 
n
o
d
e
 1

 

 

-- quadratic MOR, q=10 

…linear, no reduction 

 __ full simulation 
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     Example 
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     Example 
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    Bilinearization MOR 
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Carleman bilinearization 

Carleman bilinearization:  

 

[1] W.J. Rugh, Nolinear System Theory, The John Hopkins University Press, Boltimore, 1981. 

  
[2] S. Sastry, Nonlinear Systems: Analysis, Stability and Control, Springer, New York, 1999.   

    Bilinearization MOR 
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     Variational analysis MOR 
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Taylor series expansion: 
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
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)()(

)(~~
/ 21

tLXty

tuBXXAXAdtdX




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tLXty

tuBXXXAXXAXAdtdX





                   

 )()()(),( 3

3

2

2

1 tXtXatXtX 

Variational analysis: 

)()(

)(~~
/ 21

tLXty

tuBXXAXAdtdX



 

)()(

)(~~
/ 321

tLXty

tuBXXXAXXAXAdtdX



 

or 

or 

Original system: 
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     Variational analysis MOR 

                   

 )()()()( 3

3

2

2

1 tXtXatXtX 

Variational analysis [11]: 
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2
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3

2

2

13

3

3

2

2

13

3

2

2

12

3

3

2

2

113

3

2

2

1

tLXty

tuBXXXXXXXXXA

XXXXXXA

XXXAdtXXXd


















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2 XXAtXAdttdX 


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     Variational analysis MOR 

                   

 )()()()( 3

3

2

2

1 tXtXatXtX 

Variational analysis: 
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     Variational analysis MOR 

Original system: 

)()(

)()(/

tLXty

tBuXfdtdX





)()(

)(~~
/ 321

tLXty

tuBXXXAXXAXAdtdX





                   

       



},,{)( 321 VVVspantX 

Compute V: },,{)( 321 VVVspanVrange 

Reduced model: 
)()(ˆ

)(~~
/ 321

tLVZty

tuBVVZVZVZAVVZVZAVVZAVdtdZ TTTT





VZtX )(
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     Example 

V for bilinearization MOR: 

},{}{ 21 VVcolspanVrange 

},,{}{ 191

1 BABAspanVrange  

)}1(:,{}{ 1

2 NVAspanVrange 

V for Variational analysis MOR: 

},{}{

)}6:1(:,{}{

}{
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21
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2
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VVspanVrange

VAspanVrange

AorthV

BABAspanVrange











 
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time, u(t)=0, t<3; u(t)=1, t>=3
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a
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t 
n
o
d
e
 1

 

 

original exact output response

Bilinearization MOR, q=20, relative error=0.0078

Variational analysis MOR, q=9, relative error=0.0073
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     Example 

V for [Phillips 2000] method: 

V for our method [Feng 2014]: 

},{}{

)]}6:1(:,[{}{
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},,{}{
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41
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
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original

our method, q=9, relative error=0.0073

Phillips 2003 method, q=9, relative error=0.0076
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     Trajectory piece-wise linear MOR 

)(Xf

)(1 Xg

)(2 Xg

)(4 Xg

)(3 Xg

0X
1X

2X

)()(

)()(/

tLXty

tBuXfdtdX





Original system: 
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1

0

tLXty

BuXgwdtdX
s
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





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j
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


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     Trajectory piece-wise linear MOR 

)()(

)()(/

tLXty

tBuXfdtdX





Original system: 

)()(

,)(/
1

0

tLXty

BuXgdtdX
s

i

i








))((~~

1,,1,0),()(~)()(~)(

iiiiii

iiiiii

XAXfwXAw

siXXAXwXfXwXg



 

)()(

),()~~(/ 0

1

0

tLXty

tBuwBXAwdtdX i

s

i

ii








ii AXXfBBBB  )(],,[
~

00

How to compute V? 

},,{}{

1,,1,0}
~

,,
~

{}{

11

1









s

i

q

iiii

VVspanVrange

siBABAspanVrange i




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     Trajectory piece-wise linear MOR 

)()(

)()(/

tLXty

tBuXfdtdX





Original system: 

)()(ˆ

),(~~(/ 0

1

0

tLVZty

tBuVwBVVZAVwdtdZ T

i

T
s

i

i

T

i








Trajectory piece-wise linear system: 

Reduced model: 

)()(

),()~~(/ 0

1

0

tLXty

tBuwBXAwdtdX i

s

i

ii







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POD and SVD 
 

SVD:   
 

nmTT R
D

YVUVUY 







 :
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 of columns first   theincluding matrices  thebe  and Let  ).,,( Here, 1
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dVUdiagD dd

d 
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d
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d
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n
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Y can be represented in terms of d linearly independent columns of      .  
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     Proper orthogonal decomposition (POD) 

Definition  
 

.,1 ,~,~ s.t.                               minarg}{
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     Model Order Reduction using POD 

)())((
)(

                      

ROM get the  to  Use.3

)~,,~( ,
~~

                      

 of  from rank  of  vectorsPOD Get the 2.

),(                     

 snapshots get the  tosystemnonlinear  original  theSolve 1.

1

1

tBuVtVzfV
dt

tdz
EVV

V

uuVVUX

XSVDq

xxX

TTT

q

T

tt m











Algorithm MOR using POD  
 

How to deal with             ?  

An effective way is to approximate the nonlinear function by projecting it onto 

a subspace that approximates the space generated by the nonlinear function, 

and with dimension              
 

))(( tVzf

.nl 

),,( ),()( 1 luuUtUctf 
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     DEIM 

).()()()(                                      

 that,so

)()()()()(                                       

 thenr,nonsingula is  Suppose

,],,[                                                       

matrix aconsider  ,particularIn 

).()(                                                       

 system inedoverdeterm  thefrom rows heddistinguis select   we,)( determine To
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
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Compute    :  
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     DEIM 

Using DEIM to decide the indices:  
 

Algorithm Discrete Empirical Interpolation Method (DEIM) 

 
 

 

 

for end .8

 ], [ ], [ .7
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),,(  where,for  )( Solve 4.

do   to2for  .3

][ ],[ ],[ .2
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     DEIM 

Come back to                :  
 

))(( tVzfV T

)).(()())((                   1 tVzfPUPUtVzf TT 

. oft independen still is ROM solving during ))(( ofn computatio then ),( of entries
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can be precomputed 
before solving the ROM 
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